Control of a space robot without actuators on the main body is an underactuated control problem. Various stabilization methods, such as the time-varying feedback control method, discontinuous feedback control method, center manifold-based method, zero-dynamics method and sliding-mode control method have been proposed. However, past studies have not considered underactuated space robots equipped with a flexible appendage, such as solar panels. If the manipulators are simply controlled to achieve the target state for the robot using the past controllers without taking a flexible appendage into consideration, residual vibration remains even after the link motion has finished. In order to suppress the residual vibration on the flexible appendage, we apply the input-shaping technique to the link motion of an underactuated planar space robot. Numerical and experimental studies are carried out to validate the proposed method for a planar duallink space robot with a flexible appendage. The results show that the proposed method is capable of not only controlling the link angles and the main body attitude to the goal angles, but also suppressing the residual vibration on the flexible appendage.
Introduction
A planar space robot is a nonholonomic system, and the problem of planar space robot reorientation has attracted the interest of many researchers. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] No smooth time-invariant control methods that can stabilize nonholonomic systems exist, even if the system is controllable. This negative fact is well-known as Brockett's theorem. 16) In order to get around Brockett's theorem and stabilize nonholonomic systems, some advanced nonlinear control techniques have been proposed which can be classified into various classes, such as canonical form-based methods, [3] [4] [5] 9) smooth time-varying feedback control methods, [5] [6] [7] discontinuous methods, time-varying and discontinuous combining methods, sliding-mode control, and center manifold-based control methods. In some studies on the problem of planar space robot reorientation, an invariant manifold has been utilized. Mukherjee and Kamon 10) proposed the concept of ''radially isometric orientation,'' and established the almost-smooth time-invariant feedback control method based on this concept. However, their method suffers from a slow rate of convergence if the desired attitude and joint angles are near zero-holonomy curves, which are defined as curves in the joint space for which the first-order Lie bracket becomes zero, that is, when the attitude of the main body of a space robot cannot be changed by controlling the joint angles. In order to overcome this disadvantage of the radially isometric orientation based control method, Hokamoto and Funasako 15) proposed a modified version of the smooth time-invariant feedback method by introducing a moving manifold that has a virtual desired point.
For practical purposes, some experiments have been carried out using the ETS-VII in orbit. For example, Yoshida et al. 17) demonstrated a nonholonomic path planning method based on the bidirectional approach.
12) Oda 18) reported the results of the ETS-VII attitude control problem using the coordinated robot-arm/attitude control method for a nonunderactuated system. However, the studies cited above have not considered nonholonomic attitude control problems of underactuated space robots equipped with flexible appendages, such as solar panels. If the manipulators are simply controlled so as to achieve the main body attitude using the past controllers without taking flexible appendages into consideration, residual vibration remains even after the link motion has finished.
In order to suppress the residual vibration on the flexible appendage, input-shaped link motion is proposed for an underactuated planar space robot with a flexible appendage. In this study, experiments are carried out to validate the proposed method for a planar dual-link space robot, and it is shown that the proposed method is capable of not only stabilizing the link angle and the main body attitude to the desired angles, but also suppressing the residual vibration on the flexible appendage.
The rest of this paper is organized as follows: In section 2, the system model of a planar dual-link space robot and a flexible appendage is described. In section 3, the control scheme that is derived based on the manifold, but without taking the flexible appendage into consideration, is explained. In section 4, the input-shaping technique is explained. Then, a combination of the manifold-based switching control and the input-shaping technique, referred Ó 2012 The Japan Society for Aeronautical and Space Sciences to as input-shaped manifold-based switching control (IS-MBSC), is presented. The numerical and experimental results are shown to demonstrate the effectiveness of the proposed method in section 5. Finally, conclusions are presented in section 6.
Model Description
2.1. Dual-link planar space robot without a flexible appendage Figure 1 shows a schematic model of a planar space robot consisting of a dual-link manipulator connected by revolution joints.
Assuming that the orientation of the main body is , the first link angle 1 is 0 1 , and the second link angle 2 is 0 2 . The masses of the main body, the first arm and the second arm are denoted by m 0 , m 1 and m 2 , respectively, and correspondingly, J 0 , J 1 and J 2 are the moments of inertia of the main body, and that of the first and second arms, respectively.
Distances between the mass center of each body and the angle joints are denoted as in Fig. 1 . Given that the initial total angular moment is zero, and that no external torque or force affects the system, the angular momentum conservation law holds. Accordingly, the angular velocity of the main body of the space robot is represented by functions of the two link angles h 1 and h 2 , and their angular velocities as follows:
Now assume that the state vector x, and the control input u are respectively given as
(1) can be rewritten in the following affine form:
The details of h 1 and h 2 are described in the appendix of Ref. 19 ).
First-order Lie bracket and zero-holonomy curves
The attitude deviation of the main body due to the arm motion is determined by integrating the third term of Eq. (2), or Eq. (1). Now assume that the trajectory of the arm motion is a closed curve in the link angle space 0 1 ; 0 2 À Á . Then, the attitude deviation of the main body is given by
Using Stokes' theorem, Eq. (3) can be rewritten from path integral form to surface integral form as follows:
where h 3 :¼ @h 2 =@0 1 À @h 1 =@0 2 is the first-order Lie bracket, and S is the surface surrounded by the closed path so that the surface is seen on the left side of the path. Equation (4) implies that, even if the link angles return to the initial angles after moving along a closed path in link angle space, the main body does change its attitude. This phenomenon is called ''Lie bracket motion.'' Figure 2 shows a contour map for h 3 . Note that the main body does not change its attitude when the link angles move along the contour line of h 3 ¼ 0. This special contour line, h 3 ¼ 0, is referred to as a ''zero-holonomy curve.'' Link motion along a zero-holonomy curve is desirable in cases where the link motion must not affect the attitude of the main body. On the other hand, link motion along the zero-holonomy curve is undesirable in cases where the main body is required to change its attitude by means of the link motion. In this sense, the zero-holonomy curve is regarded as being representative of uncontrollable motion with respect to the attitude of the main body. In addition, h 3 changes sign across the zero-holonomy curve. This implies that the attitude of the main body increases or decreases on opposite sides of the zero-holonomy curve.
10)

Radially isometric orientation (invariant manifold)
As mentioned above, the attitude variation of the main body is not determined directly from the link angles, but 
Assuming that the phase argument ', which indicates the direction from the goal link angles to the current link angles, is kept constant, or that link angles are moved [along the straight line from the current angles to the goal angles] in Cartesian coordinates 0 1 ; 0 2 À Á , the attitude variation of the main body is obtained as
In order to change the integral variables from 0 1 ; 0 2 À Á to ðr; 'Þ, the following relation is taken into consideration.
Since the phase argument is assumed to be constant, Eq. (9) can be rewritten as
The difference between the goal attitude of the main body and that after moving the link angle directly to the goal link angles is given by
The condition of ¼ 0 is presented to show that if the link angles move along the straight line from the current angles to their goals in Cartesian coordinates 0 1 ; 0 2 À Á , the attitude of the main body also reaches its goal attitude. Parameter is referred to as ''radially isometric orientation'' in Ref. 10) . In this study, the surface corresponding to ¼ 0 is instead referred to as ''invariant manifold.'' Figure 4 shows an example of ''invariant manifold'' where parameters of the robot listed in Table 1 are used. Figure 5 shows a model of a flexible appendage attached to a rigid body. The appendage is assumed to be a cantilever beam with one end fixed to the rigid body and the other end free. The rotational and vibrational motion is assumed to be two-dimensional and planar. In this analysis, structural damping and the air drag are neglected for simplicity, because most space structures are very lightly damped. L is the distance from the mass center of the main body to the root of the beam attached to the main body, ' is the length of the beam, and EI is the rigidity of the beam. Both ' and EI are assumed to be constant along the flexible appendage. The displacement of the beam is denoted by at the position of $, as shown in Fig. 5 .
Flexible appendage modeling
By considering the following boundary conditions
expanding the flexible vibration of the appendage using vibrational modes that can be described as
where modal shape 0 i ð$Þ is given by 
This modal shape satisfies the orthogonal condition of vibration mode
where ij is the Kronecker delta.
Control Law without Consideration of Flexible Appendage
Smooth time invariant feedback control
In this section, the control method proposed in Ref. 10) , whose performance will be compared with that of our proposed method, is explained. The controller in Ref. 10 ) is given by
where , n 1 , n 2 , n 3 , and & are positive scalar constants, and the link angle velocities are driven by Eqs. (10) and (11). This control method is asymptotically stable, because as the value of approaches zero, the radius r and phase argument ' driven by the above control method approach zero. This control method, however, suffers from slow convergence, which is explained below.
When approaches zero, the control method, Eq. (21), is equivalent to
This implies that the radius r does not converge to zero at a first-order convergence rate. In addition, as approaches zero, the change in phase argumentation (i.e., Lie bracket motion) also becomes slower. As a result, the rate of convergence to approach the goal state becomes very slow. Furthermore, a flexible appendage is not considered in Ref. 10).
Manifold-based switching control
The manifold-based switching control, which is proposed to overcome the disadvantages in slow convergence rate of the time invariant feedback controller, is explained here. 19) First, the control method without taking a flexible appendage into consideration is explained as a basic controller and then an advanced function is introduced in the next section. The basic control method consists of two steps.
In the first step, in order to change the attitude of the main body as much as possible, Lie bracket motion is actively utilized. For this purpose, until the state reaches the invariant manifold, the radius r and the phase argument velocity _ ' ' are controlled to be constant:
If the trajectory of the link angles crosses the zero-holonomy curve under the condition of constant radius, virtual goal link angles, which asymptotically reach the goal angles, are set so that the link trajectory does not cross the zero-holonomy curve. 15) In the second step, the state variables slide along the manifold until they reach the goal states. In this step, in order for the radius r to converge to zero at a first-order convergence rate, the radius is controlled by
where d is the feedback control gain. We can expect a faster convergence rate using Eqs. (24), (25) and (26) as compared to the smooth time invariant feedback control. This expectation will be verified experimentally. The control input determined by the smooth invariant feedback control 10) is smooth, but does not always guarantee vibration suppression of the flexible appendage attached to the space robot.
The proposed control method is a switching control. Thus, it may induce undesirable oscillations on flexible appendages attached to the main body or links. Undesirable residual oscillations can be suppressed by combining other control techniques such as input shaping. In this study, we consider combination of the manifold-based switching control and input-shaping technique.
IS-MBSC
In this section, we will explain the IS-MBSC. First, we will address the input-shaping control, then explain how to combine the input-shaping and manifold-based switching control.
Input-shaping control
Vibration of flexible space structures is undesirable when conducting precise attitude control. Vibration is unlikely to be suppressed naturally once the structure has been excited in space because of the vacuum of the space environment and low structural damping characteristics of flexible space structures. Therefore, rest-to-rest motion is desired in maneuvering flexible space structures. Many control methods have been proposed to meet these objectives. Input-shaping is one such control method. Input-shaping is a control method that uses a sequence of impulses as the representative form of the control input to cancel the residual vibration. Figure 6 shows two different impulse-sequences (zero vibration (ZV) control, and zero vibration and derivative (ZVD) control 20, 21) ) with impulse A i and time-delay interval of ÁT ¼ %=!, where ! is the natural frequency of the flexible mode under consideration. In the ZV and ZVD control, the second impulsive control input is given at the half period of the vibration, and in the ZVD control, the third impulsive control input is given at the period of the vibration. The impulse magnitude and timings of the input-shapers are commonly represented in the form of t i ; A i ½ T . In the case of zero damping ratio, the expression of impulse magnitude and timings for the ZV and ZVD shapers are, respectively, given by Input-shapers can be convolved with any control input to generate a properly shaped command, as shown in Fig. 7 . In this study, the ZV shaper is combined to the manifoldbased switching control of link motion to suppress the residual vibration of the flexible appendage on the main body. Although the ZV shaper can suppress the residual vibration, it is not able to limit transient deflection of the flexible appendage within a desired/specified range. If transient deflection is also required to be limited, the deflection-limiting shaper, 22) adaptive deflection-limiting control method, 23) or model-predictive deflection-limiting control method 24) will be necessary. However, we only focus on the application of the ZV shaper in this study.
Procedure of the IS-MBSC
In order to suppress the residual vibration of the flexible appendages, link motion determined by Eqs. (24), (25) and (26) is modified by combining the ZV shaper. The following explains how the control methods are combined. The procedure presented here consists of the following four stages.
1) At the beginning of the link motion We assume that the flexible appendage does not vibrate at the initial time. At the beginning of link motion, vibrational motion of the flexible appendage will be induced by the rotational acceleration of the main body, which is a reaction to the arm motion. To suppress this initial vibrational motion of the flexible appendage, the phase angular velocity of the link motion _ ' ' is modified by convolving with the ZV shaper, instead of being constant.
2) At reversal of the direction of the link motion When the direction of the first link motion reverses, the link motion induces rotational acceleration on the main body, which induces the vibrational motion of the flexible appendage. Therefore, the phase angular velocity _ ' ' should be convolved with the ZV shaper when the first link motion changes its direction.
3 and 4) At the beginning and end of the second control step Similar to the beginning of the link motion in the first control step, the link motion at the beginning and end of the second control step is modulated by convolving the ZV shaper.
Numerical and Experimental Verification
As a result of the combination presented above, we can expect that the main body attitude and arm angles can be changed to the goal angles and at the same time the vibration motion of the flexible appendage will be suppressed. The numerical and experimental studies will verify this expectation.
The parameters of the model of the planar robot without the flexible appendage are listed in Table 1 , and the parameters of the flexible appendage are listed in Table 2 . Using the parameters listed in Table 2 , the first modal frequency of the flexible appendage is analytically determined as 6.54 rad/s. Note that this first modal frequency is obtained under the assumption that the flexible appendage is a cantilever beam with one end fixed to the rigid wall and the other end free. Practically speaking, the modal frequency of the flexible appendage under the unconstrained mode is changeable, depending on the arm angles. However, in this study, we focus on the first modal vibration of 6.54 rad/s only, and apply the input-shaping technique to this frequency.
Numerical verification
Numerical simulations are performed based on the parameters listed in Tables 1 and 2 . The results for the in- Note that the tolerance of the judgment of attainment with regard to the invariant manifold and the convergence criterion to the goal value were set to the same as that of the experiments.
As shown in Figs. 11 and 12 , the bending moment was not suppressed at the end of arm motion for both cases of the invariant feedback control and manifold-based switching control methods.
On the other hand, as shown in Figs. 10 and 13 , the proposed IS-MBSC method succeeded in suppression of the bending moment of the end of maneuver, compared to the results of the above two methods, and in stabilizing the attitude and arm angles to the goal state. Figure 14 shows the experimental setup of a planar duallink space robot equipped with a flexible appendage. This robot is equipped with a magnetometer to detect the attitude of the main body, two stepper motors to drive each link angle, and two encoders to detect each link angle. Note that the operational angle of each link is restricted within AE110 degrees due to structural limitations.
Experimental verification 5.2.1. Experimental setup
A large glass board, called a flight-bed, is placed horizontally. To simulate microgravity, the surface of the bed is covered with a number of ball bearings to decrease frictional drag. Note that friction due to the ball bearings is approximately 0.019 G (¼"), which is much greater than that of air bearings. The ball bearings will therefore need to be replaced with air bearings in the near future.
Since noise is included in the attitude output from the magnetometer, a low-pass filter, with time-lag that does not have an impact on the attitude measurement, is implemented to filter out the noise. A personal desktop computer (PC) equipped with a digital-analog board is placed next to the flight-bed. The PC measures the state of the robot via the digital-analog board, determines the control input (link angular velocities) based on the control law implemented in the C language, and drives the stepper motors situated on the link sections. The sampling and control cycle is 100 ms.
The mass of each link is measured using an electronic balance, and the moment of inertia of each link is measured using MOI-005-104, a moment of inertia measurement device of Inertia Dynamics and LLC Co. The moment of inertia of the main body is measured around the center of mass, while the moment of inertia of each link is measured around the joint section, and then converted to one around the center of mass.
Two strain gauges are installed to measure the bending moment at the base of the flexible appendage. The output voltage signal from the strain gauges is amplified using an amplifier, and then the bending moment is recorded in Newton meter units by taking into account the ratio of unity output voltage to the corresponding bending moment.
Experimental results
In order to verify the performance of the proposed control method, experiments were performed using the parameters listed in Table 3 . Taking into consideration that the magnetometric sensor output included noise of approximately two degrees, the tolerance of the judgment of attainment with regard to the invariant manifold and the convergence criterion to the goal value are set to two degrees in the mean square root of the second power of angle errors.
The As shown in Fig. 15 , the arm angles and the main body attitude gradually approached the goal angles, and the arm angular velocities gradually slowed. However, as shown in Fig. 18 , the residual vibration remained in the bending moment of the flexible appendage, and the magnitude of the residual vibration signal was approximately 9:5 Â 10 À3 Nm. This is because the flexible appendage attached to the main body is not considered in the case of the presented invariant feedback control. In addition, it takes a long time for the link angles to move directly to the goal link angles 0 1d ; 0 2d À Á , because the control law almost became _ r r ¼ Àr 3 , for which the convergence rate is not first order as approaches zero.
For the case of the manifold-based switching control, the link angles and the main body attitude approximately converged to the goal angles in 19 s. This settling time is much faster than that of the invariant feedback control. However, the residual vibration signal of the flexible appendage resulting from the manifold-based switching control was approximately 1:58 Â 10 À2 Nm. This is because the flexible appendage is not considered in the manifoldbased switching control, and the fast convergence likely leads to an undesired effect on the residual vibration of the flexible appendage.
For the proposed control method, the link-1 motion reverses its moving direction at approximately 5 s, and is then modified through convolving via the input-shaping technique. A similar modification is carried out at approximately 12 s for the link-2 motion. As a result of this modification, the vibration of the flexible appendage was temporally suppressed at 12 s. However, the magnitude of vibration increased again due to the successive link motion. The control law changes from the first step to the second step at approximately 23 s. In addition, at the end of the second control step, link motion speed was modulated by convolution with the input-shaping technique at 33 s, as shown in Fig. 17 . 
As a result of this modulation, as shown in Figs. 17 and 20 , the proposed control method succeeded not only in controlling the states of the robot to the goal states, but also in suppressing the residual vibration at the convergence to the goal states. When the states of the robot converged to the goal states (i.e., approximately 34 s), the magnitude of the vibration signal was approximately 7:9 Â 10 À3 Nm, which was smaller than that of the other two controllers.
In summary, the unshaped link motion determined by the invariant feedback control method failed to suppress the residual vibration, while the proposed IS-MBSC method was able to not only stabilize the states of the space robot to the goal states, but also suppress the residual vibration of the flexible appendage attached to the main body of the space robot. However, the transient magnitude of the vibrational motion was very large compared to that of the other two controllers, especially when the robot states approached the manifold and then the control law was changed from the first step to the second step. Overcoming this problem may require incorporating a model predictive control method to predict timing of reaching the manifold, and is a subject under consideration for future study. 
Conclusion
To suppress the residual vibration of the flexible appendage equipped on the underactuated planar space robot, and to control the attitude of the robot using arm motion only, the input-shaped link motion was proposed. The reference unshaped link motion was determined based on the invariant manifold-based switching control method, then the practical link motion was modified by taking the frequency of flexible appendage into consideration. The numerical and experimental results showed that the proposed method was capable of not only stabilizing the link angles and the main body attitude that is an underactuated system, but also suppressing the residual vibration of the flexible appendage.
